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1 Hilbert Space

Definition 1 (Norm). Let F be a vector space over R (For example F = R" is a vector space). A
function || - ||# : F — [0, inf) is said to be a norm on F if (|| - ||7 &A% norm 123 £ PA
TAAF)

1. For f € F, ||f||lx =0 if and only if f = 0. (norm separates points)

2. |AMfllz = 1AM fll7, YA € R,V f € F (positive homogeneity).

3. 1f +allxr <\ fllx+ llgll# Yf,g € F (triangle inequality).

] |- ||F PEAEE - mE, REREPA RS, IBA || - ||F /&4 valid norm operator.

1.1 Inner Product

An inner product takes two elements of a vector space X and outputs a number. An inner product
could be a usual dot product: (u,v) = u'v = >, uPv® (Inner Product can be Dot Product).
Or the inner product could be something fancier (BJNFA—E RN EHER) . If an Inner
Product (-,-) is valid, it MUST satisfy the following conditions:

1. Symmetry
(u,v) = (v,u) VYu,v € X

2. Bilinearity
(ou + pv,w) = alu,w) + f(v,w) Yu,v,w € X, Vo, € R

3. Strict Positive Definiteness
(u,u) > 0Vr € X

(u,u) =0<=u=0


http://www.stats.ox.ac.uk/~sejdinov/teaching/atml14/Theory_2014.pdf
https://ocw.mit.edu/courses/sloan-school-of-management/15-097-prediction-machine-learning-and-statistics-spring-2012/lecture-notes/MIT15_097S12_lec13.pdf

An inner product space (or pre-Hilbert space) is a vector space together with an inner product.
(& N BIZ Y 1) & 23 [ Rl AR S ), BT DAGE SCABRIZ SR 1) 5[] )
Kernel is a kind of Inner Product. For example, the Gaussian kernel is defined as:

|| —]|?

(u,v) = k(u,v) = exp By (1)

1.2 Hilbert space

Definition 2 (Hilbert Space). A Hilbert Space is an Inner Product space that is complete and

separable with respect to the norm defined by the inner product.

‘Complete’ means sequences converge to elements of the space - there aren’t any “holes” in the

space.

2 Finite States

Given finite input space {x1,z2, -z }. I want to be able to take inner products between any two
of them using my function k as the inner product (k is customized and satisfy three conditions. For
example, k is a Gaussian inner product as Eq(m)) Inner products by definition are symmetric, so

k(xi, x;) = k(xj,x;) , which yields a symmetric matrix K.

Since K is real symmetric, and this means we can diagonalize it (SZXFFREERT PAXT AL, BIARAE2

fi#) , and the eigendecomposition takes this form:

K = VAVT
A1
A
-V 2 V7
Am
_)\1 1 _vlT_ (2)
)\2 ’Ug
= |v1 V2 vm}
Am | |0l

m
= vlz\lvir + -+ ’Um/\mvfn = E vt)\w;f
t=1


https://people.eecs.berkeley.edu/~bartlett/courses/281b-sp08/7.pdf

Let the i-th element of vector v as v, then

m

Kij = k(zi,2;) = D> vdf li;
. (3)

t=1
If K is a positive semi-definite (PSD) matrix, then Ay, -\, > 0.

Assume 1. All )\; are nonnegative.

We consider this feature map:
O (z;) = [\/ng“,...,\/Eu;),...,\/ﬂvgﬂ cR™ (4)
(writing it for z; too):
= {\/)Tlvgj),...,\/)Ttv,gj),...,\/ﬂv%)} eR™ (5)
Bl @ X — R™ Kz € X BSE] m 4Ef &S] R™ Hi—4

With this choice, the inner product k is just defined as a dot product in R™:

(@ (z;),® ng v = (VAV'), = Kij = k (27, 2) (6)

If there exists an eigenvalue s < 0 (Bl VA = /| As|i). As SV EHE R vsoe ] vs € R™ B m
4%?w=@%mn@L%ﬁ¢m»~,<MW&ﬁﬁ@

m
Zéw (7)
It is obvious that z € R™. Then calculate

2[5 = (2,2)rm = ZZ ()" ® (z;) 0 = szgi)Kijvg)

ZVZKVS =X <0



which conflicts with the geometry of the feature space.

W K AN2iEE, H4 feature space R™ fEE/NT 0 9. FrPARIE Assumption AAL . AP,
ok FRARENHN, IPAER Gram Matrix — @ 1EE (PSD), 75 W IJGHE AR UEZ 257 F 1
norm KT 0,

BRI N ) Gram Matrix 5 PSD.

3 Kernel

Definition 3 (Kernel). A function k£ : X x X — R is a kernel if

1. k is symmetric: k(z,y) = k(y, x).

2. k gives rise to a positive semi-definite “Gram matrix,” i.e., for any m € N and any z1,--- , 2,

chosen from X, the Gram matrix K defined by K;; = k(x;,x;) is positive semi-definite.

Another way to show that a matrix K is positive semi-definite is to show that
Ve € R™, c'Ke > 0 (9)
Here are some nice properties of k:

o k(u,u) >0 (Think about the Gram matrix of m = 1.)

o k(u,v) < /k(u,u)k(v,v) (This is the Cauchy-Schwarz inequality.)

3.1 Reproducing Kernel Hilbert Space (RKHS)

Y E—A kernel k(+,-) : X x X — R. & X—E%kasa) (space of functions) RY := {f : X — R}.
RY 2" Hilbert Space, %45 Al AYEEANITCER R X BLFE] R (KR

% ko() = k(z, ), 1Bt = R—AsEfH (Constant), HAR (HIA) - Fom. WA k(z,-) 42 RY
23 [B] Y — A RR AR


https://ocw.mit.edu/courses/sloan-school-of-management/15-097-prediction-machine-learning-and-statistics-spring-2012/lecture-notes/MIT15_097S12_lec13.pdf

BB ko () R —ARER © € X K, BEEA o W T —NeRE ko () = k(- 2). XA
REFRN O(x) = ka (1) = k(x, ), Wl:

Sz — k() (10)

Bl @ AN x € X, Bl — ek, Hil iR EUET RY 2SI,

EESGE X, v e X GLRFZMENR, B2 O(x) = ko(-) = k(z,-) WATLHE ZHEN, BTG
5 Z PR AL . X EEpRE AT DA span —~ Hilbert Space:

Hi = span({®(z) : x € X}) = { Zal :meN,x; € X, aleR} (11)

H k(z,-) = ®(x) WPABRAEAKR: © WLEH—A %L (or vector) . iR Hilbert Space J&H{T &
( ) SMEALA TR K ECS ], S PR TR AT PARIR O

Zal ;) (12)

FTPA H W PABEVERE kernel k X} H)— Hilbert Space.

FEHRHERPIAEAL () = S7 aik (1), 9() = X%, Bk () )« ¥R £() A g() DA
%T H HEEPA IR BATE H _ERNRE SO

:ZZ Z/Bj xza J (13)

H ProofilE B TiZ WRSF & = A4, B EE H S — N ER WA . 3 Hi £k
Hilbert Space &M pREL k(z,-) span M), 5 Kernel k 7 %.

k(z,-) dig He F—AEE, BAES fHRNBY:
= aik(w,z;) = f(x) (14)
i=1
Theorem 1. k(-,-) is a reproducing kernel of a Hilbert space Hy, if f(z) = (k(z,-), f()).

Hie H k() BFFAERA R AR 230


https://ocw.mit.edu/courses/sloan-school-of-management/15-097-prediction-machine-learning-and-statistics-spring-2012/lecture-notes/MIT15_097S12_lec13.pdf

B, k(- 2), k() O He PRIEE, THRARTTRI N
(k( i), k(- 25))yy, = K (@i, 25)
AN k(- 2) = @(a0), k(- a5) = S(x5), PR
ke (i, wy) = (®(xi), ©(5)) g,

P @ Al g WU M HERREL (i) RN AR

(15)
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